Abstract. We show that the existence of a surjective isometry (which is merely a distance preserving map) between the unitary groups of unital C * -algebras implies the existence of a Jordan *-isomorphism between the algebras. In the case of von Neumann algebras we describe the structure of those isometries showing that any of them is extendible to a real linear Jordan *-isomorphism between the underlying algebras multiplied by a fixed unitary element. We present a result of similar spirit for the surjective Thompson isometries between the spaces of all invertible positive elements in unital C * -algebras.
Introduction
The study of linear isometries between function spaces or operator algebras has a long history dating back to the early 1930's. For an excellent comprehensive treatment of related results we refer to the two volume set [5, 6] . The most fundamental and classical results of that research area are the Banach-Stone theorem describing the structure of all linear surjective isometries between the Banach spaces of continuous functions on compact Hausdorff spaces and its noncommutative generalization, Kadison's theorem [13] , which describes the structure of all linear surjective isometries between general unital C * -algebras. One immediate consequence of those results is that if two C * -algebras are isometrically isomorphic as Banach spaces, then they are isometrically isomorphic as Jordan *-algebras, too. This provides a good example of how nicely the different sides (in the present case the linear algebraic -geometrical structure and the full algebraic, more precisely, Jordan *-algebraic structure) of one complex mathematical object may be connected to or interact with each other. We mention another famous result of similar spirit which also concerns isometries. This is the celebrated Mazur-Ulam theorem stating that any surjective isometry between normed real linear spaces is automatically an affine transformation (hence equals a real linear surjective isometry followed by a translation). This means that if two normed real linear spaces are isometric as metric spaces, then they are isometrically isomorphic as normed linear spaces, too.
Recently, we have made attempts to extend the Mazur-Ulam theorem for more general noncommutative metrical structures, especially for metric groups. In [9] we have obtained a few general results which show that, under given conditions, the surjective isometries between certain substructures of metric groups necessarily have an algebraic property, namely they locally preserve the so-called inverted Jordan triple product ba −1 b. Applying those general results we have determined the surjective isometries of several nonlinear metrical structures (especially metric groups) of continuous functions and linear operators.
As the main motivation to our present investigations we mention that in the paper [10] we described the surjective isometries of the unitary group of a Hilbert space. Moreover, in the former paper [19] the second author determined the socalled Thompson isometries of the space of all positive definite operators on a Hilbert space. Those structures and spaces are of considerable importance due to the roles they play in several areas of algebra and analysis.
Our primary aim in this paper is to generalize the above mentioned results substantially, namely to extend them for the setting of general C * -algebras. In what follows we show that unital C * -algebras with isometric unitary groups are necessarily Jordan *-isomorphic. In the cases of general von Neumann algebras and commutative unital C * -algebras we present the complete descriptions of those isometries. It turns out that they are closely related to Jordan *-isomorphisms of the underlying algebras. We obtain a similar result concerning the structure of surjective Thompson isometries between the sets of invertible positive elements of general unital C * -algebras. We emphasize that in this paper by an isometry we mean merely a distance preserving transformation, we do not assume that it respects an algebraic operation of any kind.
Norm isometries of unitary groups
In the paper [7] the first author studied surjective isometries between open subgroups of the general linear groups of unital semisimple commutative Banach algebras and proved that those transformations can uniquely be extended to isometric real linear algebra isomorphisms of the underlying algebras followed by a multiplication by a fixed element. He continued those investigations in [8] for noncommutative algebras. Using the results obtained there, in [11] the first author and K. Watanabe could give the complete description of surjective isometries between open subgroups of the general linear groups of C * -algebras. In what follows employing an approach very different from the one used in the above mentioned papers, we obtain structural results for the surjective isometries of certain important substructures of general linear groups. These are the unitary groups in unital C * -algebras equipped with the usual norm and the so-called twisted subgroups of all invertible positive elements endowed with the Thompson metric. Here, by a twisted subgroup of a group G we mean a subset K of G which contains the unit of G and satisfies yx −1 y ∈ K for any x, y ∈ K. Based on our Mazur-Ulam type general results obtained in [9] , we show below that formally the same description as in [11] is valid for the surjective isometries of the unitary groups of von Neumann algebras. In fact, more generally, we obtain that if the unitary groups of two unital C * -algebras are isometric merely as metric spaces, then the underlying two algebras are (isometrically) isomorphic as Jordan *-algebras. For our results we need the concept of Jordan isomorphisms between algebras as well as a few facts about them. If A, B are complex algebras, then a linear [real linear] map J : A → B is called a Jordan homomorphism [real linear Jordan homomorphism] if it satisfies J(a 2 ) = J(a) 2 for every a ∈ A or, equivalently, if it satisfies J(ab + ba) = J(a)J(b) + J(b)J(a) for any a, b ∈ A. Clearly, every homomorphism φ : A → B (that is a linear map such that φ(ab) = φ(a)φ(b) holds for any a, b ∈ A) as well as every antihomomorphism ψ : A → B (that is a linear map ψ : A → B satisfying ψ(ab) = ψ(b)ψ(a), a, b ∈ A) is a Jordan homomorphism. A Jordan *-homomorphism J : A → B between *-algebras A, B is a Jordan homomorphism which preserves the involution in the sense that J(a * ) = J(a)
* holds for all a ∈ A. By a Jordan *-isomorphism we mean a bijective Jordan *-homomorphism.
In what follows the units of unital algebras will be denoted by 1. If A, B are unital algebras and J : A → B is a surjective Jordan homomorphism, then by the proof of Proposition 1.3 in [23] we have
, a, b ∈ A and this implies that J(a n ) = J(a) n holds for every a ∈ A and positive integer n; (iii) for every invertible a ∈ A we have that J(a) is also invertible and J(a
It then follows that any Jordan isomorphism between unital algebras preserves the spectrum of elements. Moreover, if A, B are unital *-algebras and J : A → B is a surjective Jordan *-homomorphism, then J maps the unitary group of A into the unitary group of B. In the case of C * -algebras this easily implies that J is contractive due to the fact that any element of norm less than one is the arithmetic mean of unitaries (Kadison-Pedersen theorem [15] ).
If A is a *-algebra, then the real linear subspace of its self-adjoint elements is denoted by A s . If A is unital, by a symmetry in A we mean a self-adjoint unitary element (equivalently, a unitary whose square is the identity). Clearly, s ∈ A is a symmetry if and only if it can be written as s = 2p−1 with a projection (self-adjoint idempotent) p ∈ A.
We are now in a position to present and prove our first result which reads as follows. Theorem 1. Let A j be a unital C * -algebra and U j its unitary group, j = 1, 2. Assume φ : U 1 → U 2 is a surjective isometry (with respect to the norms given on A 1 , A 2 ). Then we have
and there is a central projection p ∈ A 2 and a Jordan *-isomorphism J :
Proof. Assume that φ : U 1 → U 2 is a surjective isometry. By Gelfand-Naimark theorem any C * -algebra is isometrically *-isomorphic to a C * -algebra of operators on a complex Hilbert space. Hence we can apply Theorem 6 in [10] stating that every surjective isometry of a subgroup of the full unitary group on a Hilbert space preserves the inverted Jordan triple product of close enough elements. Namely, for any pair a, b ∈ U 1 with a − b < 1/2 we have
(Observe that the result [10, Theorem 6] is stated only for self-maps of subgroups of the full unitary group but the same argument applies for surjective isometries between any two such subgroups acting on any two Hilbert spaces.) Pick an arbitrary self-adjoint element x ∈ A 1s and consider the generated one-parameter unitary group t → exp(itx), t ∈ R. Choose two arbitrary real numbers t 1 and t 2 and set a = exp(it 1 x), b = exp(it 2 x). Select a positive integer m such that
It is apparent that
Then we have a 0 = a, a 2 m = b, and a 2 m+1 = ba −1 b. It is easy to check that a k+1 a −1 k a k+1 = a k+2 holds for every k = 0, 1, 2, . . . , 2 m+1 − 2. We also have
for any k = 0, 1, 2, . . . , 2 m+1 − 1. Then by the aforementioned result Theorem 6 in [10] we infer that
holds for all k = 0, 1, 2, . . . , 2 m+1 − 2. The technical Lemma 7 in [10] states that (even in a more general purely algebraic setting) the above equalities imply that the inverted Jordan triple product of a 0 , a 2 m is also preserved, i.e., we have
Therefore, we obtain that the isometry φ preserves the inverted Jordan triple product along any one-parameter group (exp(itx)) t∈R , x ∈ A 1s . If we define
is a surjective isometry too, which has the additional property that it sends the unit to the unit. It is then easy to verify that along one-parameter unitary groups of the previous type, φ 0 respecting the inverted Jordan triple product and being unital, it necessarily respects the inverse operation, i.e., we have φ 0 (a −1 ) = φ 0 (a) −1 , and
holds for every pair a, b in U 1 that belong to a one-parameter unitary group (exp(itx)) t∈R with some x ∈ A 1s . One can easily deduce that
holds for any a ∈ U 1 of the form a = exp(itx) with some x ∈ A 1s , t ∈ R and for any integer m. Pick x ∈ A 1s and define S x : R → U 2 by
We assert that S x is a continuous one-parameter unitary group in A 2 . Since φ 0 is continuous, we only need to prove that S x (t + t ) = S x (t)S x (t ) holds for every pair t, t of real numbers. First select rational numbers r and r such that r = n m and r = n m with integers m, m , n, n . We compute
Since φ 0 is continuous, we then obtain S x (t + t ) = S x (t)S x (t ) for every pair t, t of real numbers.
As already mentioned, we may consider A 1 , A 2 as unital C * -algebras of operators that act on the complex Hilbert spaces H 1 , H 2 , respectively. Applying Stone's theorem (see Section 5 in Chapter X in [2] ) for the norm continuous one-parameter unitary group (S x (t)) t∈R , we infer that there exists a unique bounded self-adjoint operator y on H 2 such that S x (t) = exp(ity) holds for every t ∈ R (the boundedness of y is the consequence of the norm continuity of S x ). Since the generator y can be obtained by differentiating exp(ity) with respect to t, where the limit of difference quotients is taken in the norm topology, it follows that y ∈ A 2s .
Defining f (x) = y we obtain a map f : A 1s → A 2s for which
Since φ 0 is injective, f is also injective. Considering φ
in the place of φ 0 , we infer that there is an injective map g : A 2s → A 1s such that φ −1 0 (exp(ity)) = exp(itg(y)) holds for every y ∈ A 2s and t ∈ R. This easily implies that y = f (g(y)), y ∈ A 2s . Hence f is surjective and therefore it is a bijection from A 1s onto A 2s . In particular, it follows that the transformation φ 0 maps the one-parameter unitary groups (exp(itx)) t∈R , x ∈ A 1s in U 1 onto the one-parameter unitary groups (exp(ity)) t∈R , y ∈ A 2s in U 1 . The equality (1) is now apparent.
We next prove that f is an isometry. Since φ 0 is an isometry, we have
for any x, x ∈ A 1s and t ∈ R. Letting t → 0, we have
and, similarly, we obtain
It then follows that for any pair x, x ∈ A 1s we have x − x = f (x) − f (x ) . This gives us that f is indeed a surjective isometry. Since f (0) = 0, by the Mazur-Ulam theorem we infer that f is a real linear isometry from A 1s onto A 2s .
The structure of such maps was described by Kadison [14, Theorem 2] . According to his result, f (1) is a central symmetry in A 2 and we have a Jordan *-isomorphism J between A 1 and A 2 such that f (x) = f (1)J(x) holds for every x ∈ A 1s . Plainly, there is a central projection p ∈ A 2s such that f (1) = 2p − 1 and J is isometric.
holds for all positive integers n, we can compute
for every x ∈ A 1s . Multiplying by φ(1) from the left, we obtain (2). The proof is complete.
We remark that the idea of employing one-parameter unitary groups in the proof has been motivated by the argument in Sakai's paper [20] where he described the structure of the uniformly continuous group isomorphisms of unitary groups in AW * -factors. Our theorem has the following immediate corollary. Proof. The necessity follows from the facts that any Jordan *-isomorphism between unital C * -algebras maps the unitary group onto the unitary group and is isometric (see the discussion preceding the theorem above). The sufficiency is a consequence of Theorem 1.
In the case of von Neumann algebras the structure of surjective isometries between unitary groups can be described precisely as follows.
Corollary 3. Let M j be a von Neumann algebra and U j its unitary group, j = 1, 2. The map φ : U 1 → U 2 is a surjective isometry if and only if there is a central projection p in M 2 and a Jordan *-isomorphism J : M 1 → M 2 such that φ is of the form
Proof. It is well known that for any von Neumann algebra M its unitary group coincides with exp(iM s ). Hence the necessity part of the corollary follows from Theorem 1. As for sufficiency, if a map φ : U 1 → U 2 is of that form (3), then one can easily check that it is a surjective isometry using the properties of central projections and Jordan *-isomorphisms as in the proof of the previous corollary.
We point out that in the previous corollary it would have been sufficient to assume that only one of the algebras M 1 , M 2 is a von Neumann algebra, the other one can be assumed to be merely a unital C * -algebra. Indeed, if say M 1 is a von Neumann algebra, M 2 is a unital C * -algebra and φ is an isometry between their unitary groups, then by Theorem 1, M 1 , M 2 are Jordan *-isomorphic and therefore they are isometric. By Sakai's abstract characterization of von Neumann algebras as unital C * -algebras which, as Banach spaces, are dual spaces [21] , it follows automatically that M 2 is also a von Neumann algebra.
In Theorem 1 we have described the general form of surjective isometries of unitary groups of unital C * -algebras on the set of all exponentials of skew-symmetric elements. Namely, on that set a surjective isometry is the restriction of a real linear Jordan *-isomorphism between the underlying algebras multiplied by a fixed unitary element. The natural problem arises if the original surjective isometry between the full unitary groups can also be realized as the restriction of such a transformation. Apparently, for von Neumann algebras this is true. However, for general C * -algebras we do not have this conclusion. As we shall see below it fails to be true even in the case of commutative C * -algebras. Below we describe the surjective isometries of unitary groups of the algebras of continuous functions on compact Hausdorff spaces and then present a necessary and sufficient condition in order that a given such surjective isometry can be extended to a real linear algebra *-isomorphism multiplied by a unitary element. Note that a surjective map between unital commutative C * -algebras (or even uniform algebras) is a real linear isometry if and only if it is a real linear algebra *-isomorphism multiplied by a fixed unitary element and the general form of such transformations is known (cf. [4] and see also [18, 22] ).
It is well known that every unital commutative C * -algebra is isometrically isomorphic to the algebra of all complex-valued continuous functions on a compact Hausdorff space. In the rest of the section X and Y stand for two compact Hausdorff spaces. We denote by C(X) (resp. C R (X)) the Banach algebra of all complexvalued (resp. real-valued) continuous functions on X equipped with the supremum norm · . The unitary group of C(X) (i.e., the set of functions f ∈ C(X) with |f | = 1 on X) is denoted by U C(X). The subgroup exp iC R (X) is the principal component of U C(X) which can also be described as the set of all functions in U C(X) that are homotopic to a constant function (we point out that those assertions can be derived, for example, from Lemma 5 below). The quotient group U C(X)/ exp iC R (X) is usually denoted by π 1 (X) and called Bruschlinsky group. For f ∈ U C(X), we denote the coset in π 1 (X) which contains f by [f ]. It is known that π 1 (X) is isomorphic to the firstČech cohomology group H 1 (X) with integer coefficients [12] .
We introduce the following notation. Given a clopen (closed and open) subset K of the compact Hausdorff space Y , for any f ∈ C(Y ) we define the function f * K by
Let us recall the following result that appeared as Corollary 4.5 in [9] . (Observe that it could be deduced from the proof of Theorem 1, too.) Proposition 4. Let φ : exp iC R (X) → exp iC R (Y ) be a surjective isometry. Then there exists a homeomorphisms Φ from Y onto X and a clopen subset K of Y such that
In the case where π 1 (X), π 1 (Y ) are both trivial, it follows that every surjective isometry φ : U C(X) → U C(Y ) extends to a real linear algebra *-isomorphism multiplied by the unitary element φ(1). However, the situation is very much different when the Bruschlinsky group is nontrivial, i.e., when exp iC R (X) is a proper subgroup of U C(X) (as a simple example, we mention the case where X is the unit circle in the complex plane). Below we present a complete description of the surjective isometries between U C(X) and U C(Y ) in the general case. As a consequence, we shall see that such an isometry need not be extendible to a real linear algebra *-isomorphism between C(X) and C(Y ) multiplied by a fixed unitary element.
We begin with a lemma. The observation that a unitary element which is close enough to the identity has logarithm is well known, we present the proof in order to make our presentation more complete.
Proof. Suppose that f − g = 2. As f, g are unitaries, we have f − g < 2 and hence obtain
We infer (f g −1 )(X) ⊂ {z ∈ C : |z| = 1, z = −1}. This implies that applying the principal branch Log of the logarithm, the function Log(f g −1 ) is a well defined continuous function on X which can be written as a real-valued function multiplied by the imaginary unit i. We know that there is a function h ∈ C R (X) such that g = exp ih. Therefore,
which is a contradiction and the proof of the lemma is complete.
The following auxiliary result will be used several times in the rest of the section.
Lemma 6. Let Φ and Φ be homeomorphisms from Y onto X, and let K and K be clopen subsets of Y . Assume that g, h ∈ U C(Y ), [α] ∈ π 1 (X) and
Then we have K = K , Φ = Φ , and g = h.
Proof. For any f ∈ [α] we have if ∈ [α]. Inserting these two functions into (5) we easily obtain i * K = i * K implying K = K . To see that Φ = Φ holds true, assume on the contrary that there is y ∈ Y such that Φ(y) = Φ (y). For arbitrary complex numbers z, z of modulus 1, by Urysohn lemma we can choose a function in exp iC R (X) which takes the value z at Φ(y) and takes the value z at Φ (y). Since for any particular f 0 ∈ [α] we have [α] = f 0 exp iC R (X), we could deduce that there is an element f ∈ [α] for which the equality (5) does not hold at the point y which is a contradiction. Finally, the last assertion that g = h is trivial.
The next theorem gives a complete description of surjective isometries between unitary groups of commutative C * -algebras.
Theorem 7. The map φ : U C(X) → U C(Y ) is a surjective isometry if and only if the following hold. First, the map from
is well defined and bijective. Second, there exists a map u from π 1 (X)
into U C(Y ), and for every
Proof. Assume first that φ is a surjective isometry from U C(X) onto U C(Y ). Since, by Lemma 5, exp iC R (X) is closed open and connected, U C(X) writes as the disjoint union of the connected sets of the form f exp iC R (X), where each f is taken in a different coset in π 1 (X), and so, the connected components of U C(X) are exactly the cosets in π 1 (X). Therefore,
Clearly, ψ is a well defined surjective isometry from exp iC R (X) onto exp iC R (Y ) with ψ(1) = 1. By Proposition 4 there exists a homeomorphism Φ [α] : Y → X and a clopen subset
We then obtain
We show that here Φ [α] and K [α] are independent of the choice of
holds for a homeomorphism Φ [α] : Y → X and a clopen subset
Applying Lemma 6 we obtain
This latter equality shows that
is independent of the choice of
well defined and by (7) we get the formula
This was the necessity part of the theorem. Using the fact that the distance between the elements of U C(X) belonging to different cosets are always the same (namely, 2) which follows from Lemma 5, the sufficiency part should be easy to check.
Observe that by Lemma 6, the homeomorphisms Φ [α] : Y → X and the clopen sets (6) are uniquely determined. We now give a necessary and sufficient condition for a surjective isometry φ : U C(X) → U C(Y ) to be extendible to a real linear isometry from C(X) onto C(Y ).
This will clearly show that in general we do not have that extendibility property of the isometries of unitary groups of commutative C * -algebras.
Corollary 8. Let φ : U C(X) → U C(Y ) be a surjective isometry. Consider the representation of φ given in Theorem 7, i.e., for every
The map φ can be extended to a real linear algebra *-isomorphism from C(X) onto C(Y ) multiplied by the unitary element φ(1) if and only if all Φ [α] 's as well as all
's coincide and u is a constant map with the value φ(1). Moreover, in this latter case, denoting Φ = Φ [α] and
which is a real linear algebra *-isomorphism multiplied by φ(1) extends φ.
Proof. Suppose that φ can be extended to φ, a real linear algebra *-isomorphism from C(X) onto C(Y ) multiplied by φ(1). The structure of all real linear (or even additive) algebra *-isomorphisms between C(X) and C(Y ) is known, see, e.g., [ 
On the other hand, by Theorem 7 we have that
Since φ is an extension of φ, for every [α] ∈ π 1 (X) we have
Using Lemma 6 we obtain that
* K is clearly a real linear algebra *-isomorphism from C(X) onto C(Y ) and by Theorem 7 the transformation φ defined by
extends φ. This completes the proof.
Thompson isometries of the spaces of invertible positive elements in C * -algebras
In this section we determine the Thompson isometries of the spaces of invertible positive elements of unital C * -algebras. The Thompson metric (or Thompson part metric) can be defined in a rather general setting involving normed linear spaces and certain closed cones, see [24] . This metric has a wide range of applications from nonlinear integral equations, linear operator equations, ordinary differential equations to optimal filtering and beyond. Given a unital C * -algebra A, the general definition of the Thompson metric d T on the set A −1 + of its invertible positive elements reads (9) d
where M (x/y) = inf{t > 0 : x ≤ ty} for any x, y ∈ A −1 + . It is easy to see that it can be rewritten as
(see, e.g., [19] ).
In the setting of C * -algebras, the Thompson metric has important differential geometrical connections. To see this, observe that A
−1
+ is an open subset of the Banach space A s of all self-adjoint elements of A and hence it is a differentiable manifold which in fact carries a natural Finsler geometrical structure (for more details and for further reading, see e.g., [1] ). At any point a ∈ A −1 + , the tangent space is identified with the linear space A s in which the norm of a vector x is defined as a + is an active research area with many applications. Indeed, even what represents the finite dimensional case, the differential geometry of the space of n × n positive definite matrices has important applications among others in linear systems, statistics, filters, Lagrangian geometry and quantum systems (see, e.g., [3] ).
As we have already mentioned above, in the paper [19] the second author determined the Thompson isometries of A −1 + in the particular case of the full operator algebra A = B(H) of all bounded linear operators acting on the complex Hilbert space H. The following theorem gives a far reaching generalization of that result by describing the structure of Thompson isometries in the setting of general unital C * -algebras. In particular, the result says that if the spaces of all invertible positive elements of unital C * -algebras are isometric with respect to the Thompson metric (again, merely as metric spaces), then the underlying algebras are isomorphic as Jordan *-algebras. Hence, one can say that the metrical -differential geometrical structure of the space of invertible positive elements completely determines the Jordan algebraic structure of the underlying C * -algebra. The result may be viewed as a differential geometry related counterpart of Kadison's famous theorem mentioned in the introduction.
Before presenting the precise statement and its proof we recall an important correspondence between the spectra of ab and ba, where a, b are elements of a unital complex algebra A. Namely, we have σ(ab) ∪ {0} = σ(ba) ∪ {0}. In particular, if a, b are invertible, it follows that σ(ab) = σ(ba). 
2+ is a surjective isometry with respect to the Thompson metric if and only if there is a central projection p in A 2 and a Jordan *-isomorphism J : A 1 → A 2 such that φ is of the form
Proof. Let us begin with the sufficiency part. Assume that φ is of the form (10) above. Observe that, by the spectral mapping theorem, the Thompson metric is a function of the spectra σ a
namely the maximal modulus of the logarithm of their elements. Since a Jordan *-isomorphism preserves the Jordan triple product aba, positivity, the square roots of positive elements, the inverse, and the spectra of elements, it then follows that it preserves the Thompson distance as well. Considering the above displayed spectra, in particular, the one on the left hand side, it is easy to verify that the inverse operation a → a −1 is also a Thompson isometry on A −1 1+ . Moreover, considering the spectra on the right hand side, one can shortly check that for any invertible t ∈ A 1 , the transformation a → tat * is a Thompson isometry, too. It is now apparent that any map φ of the form (10) with some central projection p ∈ A 2 and Jordan *-isomorphism J : A 1 → A 2 is a surjective Thompson isometry.
As for the necessity, assume that φ is a Thompson isometry. Set φ 0 (.) = φ(1) −1/2 φ(.)φ(1) −1/2 . It follows from the above discussion that φ 0 is a Thompson isometry which maps the identity to the identity. It was proven in [10, Theorem 9] that the surjective Thompson isometries between A 1+ . Inserting b = 1 into this equality we deduce that
holds for any a ∈ A −1 1+ and positive integer n. Let us now consider the bijective transformation S from A 1s onto A 2s defined by S(x) = log φ 0 (exp x). For every positive integer n we obtain by (11) that (12) S x n = log φ 0 exp x n = S(x) n holds for every x ∈ A 1s . Using the formula
of the Thompson metric we have
We can write
where the term o( 1 n ) belongs to A 1s and o(
as n → ∞. In fact, to see this convergence one can apply the power series expansion log(1 + a) = ∞ n=1
(−1) n+1 a n n of the logarithmic function which holds in any unital Banach algebra for any element a with norm less than 1. Obviously, by (12) we similarly have
as n → ∞. Since φ 0 is a Thompson isometry, we have d T (exp(
) for every n. This implies that x−y = S(x)−S(y) , i.e., S : A s → B s is an isometry. It is clear that S is bijective and S(0) = 0. By the Mazur-Ulam theorem we conclude that S is a real linear isometry from A 1s onto A 2s .
Similarly to the proof of Theorem 1, we can now apply the result [14, Theorem 2] of Kadison. We obtain that there is a central projection p ∈ A 2s and a Jordan *-isomorphism J : A 1 → A 2 such that S(1) = 2p − 1 and S(x) = S(1)J(x) holds for every x ∈ A 1s . We next compute 1+ . The proof of the theorem is complete.
We make the following hopefully interesting observation. As pointed out in [1] , for a unital C * -algebra A the unique geodesic between the elements a, b in the Finsler space A defines an operator mean for the invertible positive operators a, b ∈ B(H) in the sense of Kubo and Ando [16] . By the transfer property (again, see [16] ) we have x(a# t b)x * = (xax * )# t (xbx * )
for any invertible operator x ∈ B(H). Since Jordan *-isomorphisms are easily seen to preserve any real powers of invertible positive elements (indeed, they preserve positive integer powers and inverses, hence all integer powers of invertible elements too; they also preserve positive elements and hence positive integer roots of positive elements; finally, by continuity, they preserve arbitrary real powers of invertible positive elements), it then follows from the theorem above that for any Thompson isometry φ : A This shows the interesting fact that the geodesic distance preserving maps also preserve the geodesic curves themselves in the above sense. Finally, as another remark we mention that one may naturally ask for the structure of the usual norm isometries between A −1 1+ and A
2+ . The fact is that this problem is not so exciting, it can be solved easily by applying some known results. Indeed, by a theorem of Mankiewicz [17] every surjective isometry from an open connected subset of a normed space E onto an open connected subset of another normed space F can be extended to an affine isometry from E onto F . Clearly, the sets A 
2+ is a surjective isometry with respect to the usual norm, then it can be extended to a surjective affine isometryφ : A 1s → A 2s . Clearly, by continuityφ maps the positive cone A 1+ (the set of all positive elements of A 1 ) onto the positive cone A 2+ and, by affinity, it sends the unique extremal point 0 of A 1+ to the unique extremal point 0 of A 2+ . It follows thatφ is in fact a surjective linear isometry and then the result [14, Theorem 2] can again be applied to verify that φ can be extended to a Jordan *-isomorphism J : A 1 → A 2 .
